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Let H be a real or complex infinite-dimensional Hilbert space. Then, for every 
closed ball B of H, there exists an alline continuous function T: H-t H for which 
(T(x), x) is an interior point of {(T(x), u): UE B} for every XE B. In fact, a 
stronger result concerning L* is proved (Theorem 3). 0 1989 Academic Press, Inc. 
1. INTRODUCTION AND RESULTS 
Let H be a Hilbert space over the scalar field K (= I&! or C) with inner 
product ( e, . ) and norm 11.11. Let B any fixed closed ball of H, say 
B= (X E H: Ilx-xOll < r}. Denote, for u E H, by (u, B) the set 
{(u,x):x~B}.Thus,exceptforthetrivialcaseu=Owhen (u,B)={O}, 
(u, B) is easily seen to be the closed ball of K centered at (u, x0) and with 
radius Ilull r. It is also an easy remark that for a point XE B we have that 
(u, x) belongs to the boundary a(u, B) of (u, B), if and only if x E aB 
and x=xo+pu, peK. 
As a consequence of the previous remark we have that if H is finite 
dimensional, then for every continuous function T: B + H there is a point 
x E B for which (T(x), x) E a( T(x), B). In fact x can be chosen in such a 
way that the oriented segment joining the center of (T(x), B) to 
(T(x), x) has a preassigned (but arbitrary) direction. In a more precise 
setting, we have the following proposition. 
PROPOSITION 1. Let H be a finite-dimensional Hilbert space. Let 
B={xEH: Ilx-x,ll<r} be a closed ball of H and let T:B+H be 
continuous. Then for every A E K, IA) = 1, there exists x E B such that 
(i) <T(x), x> ~a(T(x), B), 
(ii) (T(x),x-x,)=aA, aa0. 
Proof: If T(x) = 0 for some x E B, then it is obvious that such a point 
x satisfies (i) and (ii). If T does never vanish on B, then, according to the 
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above remark, the points XE B for which (i) and (ii) hold are exactly the 
fixed points of the mapping x + x0 + rX II7’(x)ll- ’ T(x), where bar stands 
for complex conjugation. An application of Brouwer’s fixed point theorem 
ends the argument. 
From the above proof it is expected that a different situation should 
occur in the infinite-dimensional case. Indeed, we have the following result. 
THEOREM 2. Let H be an infinite-dimensional Hilbert space. Then, for 
every closed ball B of H, there exists T: H + H, affine and continuous, such 
that (T(x), x) E int( T(x), B) for every x E B. 
Proof Since every Hilbert space is isometrically isomorphic to an L* 
space (see, e.g., [4, Theorem 13.6.6, p. 408]), then the theorem is a conse- 
quence of the following stronger result. 
THEOREM 3. Let (Sz, a, u) be a measure space such that the Hilbert 
space L2 = L’(Q, a, u) is infinite dimensional. Then, for every closed ball B 
of L2, there exist p E L” =L”(O,rX,u)andy~L~such that (/?x+~,x)E 
int(bx+y,B) for every XEB. 
Proof of Theorem 3, the main theorem of the paper, will be given in 
Section 2. 
From Proposition 1 and Theorem 2, it follows 
THEOREM 4. Let H be a Hilbert space. Also, let B = {x E H: 
/Ix - x01/ d r } be any fixed closed ball of H. Then the following assertions are 
equivalent : 
(a) H has finite dimension; 
(b) for every continuous function T: B + H and every ;1 E K, III) = 1, 
there exists x E B such that conditions (i) and (ii) of Proposition 1 hold; 
(c) for every continuous function T: B -+ H there is a point XE B 
satisfying (i); 
(d) for every affine continuous function T: H -+ H there is x E B 
satisfying (i). 
Some comments are now in order concerning Theorem 4. 
The implication (b) * (a) is also a consequence of the well-known result 
that if H is infinite dimensional, then there exists f: B + 8B, f continuous, 
having no fixed points (see, e.g., the famous papers by Dugundji [2] and 
Klee [ 33 ). Indeed, given 1 E K, 111 = 1, functions T for which no point x E B 
satisfies both (i) and (ii) are exactly the ones of the form 
T(x) = p(x)(rA)F’ [f(x) - x01, (1) 
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where p: B + R, f: B + i3B are continuous, p is positive, and f has no fixed 
points. 
The implication (c) * (a) cannot be deduced from the above-mentioned 
general examples. However, a (non-trivial) adaptation of Klee’s construc- 
tion gives a continuous g: B + aB such that g(x) - x0 # ~(x - x0) for every 
x E B, p E K, 1~1 = 1. Then, to get a continuous T: B --f H for which no point 
x E B satisfies (i), it is enough to take 
(2) 
where p: B + [w is continuous and positive. This proves (c) =z- (a). 
It should be noticed here that neither (1) nor (2) can be afline functions. 
Indeed, the range off in Dugundji’s example (namely the whole aB) is too 
large for T being affine. On the other hand, both function f in Klee’s 
example and the above g have a too small range, namely a topological ray, 
i.e., a copy of [0, cc [. 
Finally, as an application of our results, we are able to answer a problem 
raised by B. Ricceri in [S]. Section 3 is devoted to doing that. We thank 
B. Ricceri for pointing out that problem. 
2. PROOF OF THEOREM 3 
In order to simplify our exposition we will adopt henceforth the follow- 
ing terminology. Let (52, a, p) be a measure space. The meaning of the 
word “atom” will be slightly more restrictive than usually, that is, a set 
A E a will be said to be an atom provided that 0 <p(A) < co and that 
BE 6X, B t A imply p(B) = 0 or p(B) = p(A). By a pseudo-atom we will 
mean a set C E 6X such that p(B) = 0 or p(B) = cc whenever BE a, B c C. 
We start with a lemma characterizing measure spaces (0,6X, p) for 
which the Hilbert space L* = L*(Q, d, CL) has finite dimension. 
LEMMA. Let (52, ~2, p) be a measure space. Then the following facts are 
equivalent: 
(i) L* has finite dimension; 
(ii) there is no infinite sequence A,, A,, . . . of pairwise disjoint sets in 
6X, with 0 < p(A,) < 00 for every n; 
(iii) 52 can be written as IR = A 1 u . . . v Ak v C, a finite disjoint union, 
where each Ai is an atom and C is a pseudo-atom. 
Proof: (i) =- (ii). This is obvious. 
(ii) =- (iii). First, (ii) implies that if A’E a, 0 < p(A’) < co, then A’ is 
finite union (hence finite disjoint union) of atoms. This is easily established 
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by contradiction. Next, excluding the trivial case when Q itself is a pseudo- 
atom, we proceed as follows. Let A; Sol, O<p(A’,) < co. If Q\A’, is a 
pseudo-atom then, according to the previous remark, we are done. If not, 
let A;eGl, A;cQ\A;, O<p(A;)<m. Then, if Q\(A;uA;) is a pseudo- 
atom we are done, if not, let A; E& A; c Q\(A; u A;), 0-c p(A;) < cc, 
and so on. The process must end after finitely many steps according to 
assumption (ii ). 
(iii) =j (i). Assume for 52 the decomposition Q = A, u ‘. . u Ak u C. 
Let f be any function in L2. Since C is a pseudo-atom and f belongs to L2, 
it follows that f = 0 a.e. in C. Moreover there exist scalars c,, . . . . ck such 
that f=c, a.e. in Aj, i= 1, . . . . k (see [l, Lemma 6.5.8, p. 2591). Conse- 
quently f = c, II A, + . . . + c,ll Ak a.e. in Q, that is, {I] A,, . . . . II At} generates L2. 
Now turn to Theorem 3. Without loss of generality we can assume that 
B is the unit ball of L*. We start with some preliminary considerations. 
Let fi E L” and y E L2 be fixed. Consider the following problem: 
XEB 
(flx+~,xkwx+~, B). 
Having in mind a remark in the Introduction, it is clear that x E L2 solves 
this problem if and only if 
XEB 
px+y=o 
(3) 
or otherwise 
II4 = 1 and x = p(j?x + y) for some p E K, 
that is, equivalently, 
I/XII = 1 and (r-P)x=y for some tcK\(O). (4) 
Now, it is easily seen that problem (3) has solutions if and only if the 
following condition is satisfied: 
A~B=ol\~Y=w=o and 
s Ii2 IBI -’ dcl G 1. (5) (B#Ol 
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As far as problem (4) is concerned, its solubility condition is the existence 
of t E K\ (0) for which either 
{/I = t } is a pseudo-atom and 
(6h 
or 
{p = t } is not a pseudo-atom, 
P((P=~}\{y=o})=o, and s (pi ~ h’l*IP-tl-*dp<l. (7), I 
After all that, the proof of the theorem will consist in constructing /? E L" 
and y E L* such that none of conditions (5), (6),, and (7), holds. 
We first consider the complex case. 
For E > 0 and m = 1,2, . . . . define 
Let (U, U) be any point in the square [-e/2, s/2] x [0, a]. Then Q(E, m) 
contains {(u, u) E R2: 8s2 < (u - U)’ + (u - U)* < (m + 2)2~2, u 2 o}, hence 
m) [(U - u)* + (0 - V)2] -' du du > 71 log m+2. 
2J2 
(8) 
Fix a number p, 0 <p < i, and two sequences {6,}, (y,,) of positive 
numbers, converging to zero and such that 
t>G-&l+1, n = 1, 2, . ..) 
ntl YW = a, Cl Y~6,*p< 1 
(and hence En”= I yz < co). Also, denoting H, = sup{47r*, p26?-2}, 
12 = 1, 2, . ..) let for each n the positive integers m,, 2, be fixed such that 
m,+2 
?I log - 
2d 
> Hnr,*, (9) 
(m,+3)(1-26,)2-“nc6,. 
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Let Qn = Q(cn, m,), where E, = (1 - 26,) 2-“n. Consider the real function 
and choose q,, > 0 in such a way that the inequality 
JF(u, II; ii, IT)- F(u’, u’; u, u)l < ;H,y,’ (10) 
is satisfied for every (u, u), (u’, u’) E Q,, (U - u’)’ + (u - u’)’ < qf, and every 
(U, 6) E [ -s,/2, s,/2] x [0, ~~1. Also, denoting by A,, the square 
[S,, 1 -S,] x [0, 1 - 26,], choose v; > 0 in such a way that the inequality 
([El stands for the Lebesgue measure of E) is satisfied for every t’, 
t” E [S,, 1 -S,], It’ - t”( < vi. Finally, for n = 1, 2, . . . . choose the integer 
pn 2 0 such that &? 2-“nPPn < inf(q,, r&,}, and set I, = 1, + Pi. 
Now, for each n = 1, 2, . . . . let the square A, be partitioned in 4’n pairwise 
non-overlapping smaller squares A,,, s = 1, ,.., 4’fl, of the same side length 
I,, = ( 1 - 26,) 2 -‘“. Also, for each n and each s, let a point (p,,, a,,) be fixed 
in A,,, . 
Since L2 has infinite dimension, then, according to the lemma, 6Z con- 
tains an inlinite sequence of pairwise disjoint sets with finite positive 
measure. Let these sets be denoted by 
B,, n = 1, 2, . . . . s = 1, . . . . 4”‘. 
Also, let numbers y,,, /In,, n = 1, 2, . . . . s = 1, . . . . 4’n, be defined as 
We are now in a position to define the functions /I and y we are looking 
for. Let 
Since ]/I”,[ < 1, then BE L”. Also, y E L2. Indeed 
s lyl* &= f ; yh4&,) = f yi IAnI < 2 yi < 00. 
n=l x=1 n=l n=l 
358 FRASCA AND VILLANI 
Let us check that condition (5) does not hold. To this aim we first 
observe that for each n = 1,2, . . . we have 
4’” 4’” 
1 131 -PfY> c lAmI (1 -AY 
s=l s=l 
= 
ff 
(l-p)-*&& 
dn 
+ 5 fj& C(1-P,,)-*-(l-P)-*ldPd$. 
s=l 
Next, since (p, 9) E A,, implies lpns - pJ < q;, it follows from (11) that 
Consequently 
s {BZO) IyJ* [/?I -* dp> f y;(36,)-’ = 00. n=l 
Consider now condition (7),. We have, for t #O, {a = t} \ {y =0} = 
{/?=t}, hence p({B=t}\{~=O})>0 if {a=t} is not a pseudo-atom. 
Thus (7), is violated. 
As far as condition (6), is concerned, we distinguish two cases according 
to )tJ 2 1 or O< ItI < 1. 
If It( > 1, then 
and so (6), is not satisfied. 
Now, fix IE K, 0 < Ii1 < 1, such that (b= 7) is a pseudo-atom, i.e., 
i+ As9 n = 1, 2, . . . . S = 1, . ..) 4’n, and put i= (1 - pp) exp 2& where 
0 c p < 1 and 0 < 9 < 1. Then, assuming that A, has been repartitioned in 
4’n pairwise non-overlapping squares D,, j= 1, . . . . 41n, of the same side 
length E, (so that each D, is the union of 4fin Ans’s), choose a D, containing 
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(d, 3) and denote by (p,*, 9:) the middle point of the lower side of the 
square D,. Now, if n is large enough, then (p, $)E [26,, 1 - 26,] x 
[0, 1 - 46,], so that, denoting by Qz the translated set Qz = Q, + (p,*, $,*), 
we have Qz c A,. Consequently, by the definition of Q(E, m), we see that 
Qz is the union of some D,,j)s and hence of some An,y’s, say Q,Tf = USGS, A,,,. 
Hence, for n large enough, we have 
=y;:H,’ jj 
Q.’ 
[(p-p)z+(9-~)2]P’dpdt9 
+Yx? c jj& CF(P,,-P,*, &-@;P-px, J-93 SC& 
-F(p-p,*,9-9,*;p-p,*,9-$,*)]dpd9. 
Since (p - p,*, J-- 9:) E [-en/2, en/23 x [0, en] and since (p, 9) E A,,, 
SE S, imply that (p-p, 9 -g), (p,,- p,*, a,,- $,*) are points in Qn with 
distance less than ~7,. then, as a consequence of (8) (9), (IO), and the 
above inequality, we get for n large enough 
4'" 
1 $2 I&cI-~> 1 -; ,c lAmI >;. 
\ = I J E S” 
Consequently 
that is, (6)? is violated. This concludes the proof in the complex case. 
In the real case a similar construction of functions /I? and y by means of 
indicators is again possible and requires fewer technicalities. We will not 
display such a simplified construction. However, for the sake of complete- 
ness, we indicate here how the functions /II and y obtained by the above 
construction can be adapted to work in the real case. Namely, replace /? 
with fl’=lbl &RepaO}-f{Reg<O)h keeping the same y. Then conditions 
(5), (7),, t#O, and (6),, ItI 2 1, are easily seen to be violated. As far as 
(6),, 0 < ItI < 1, is concerned, proceed as follows. Let, for instance, 
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o<t<1. If {/?‘=t} is a pseudo-atom, then also {/I = t} is, and conse- 
quently 
s 
Iyl* Ip-tl-2dp=m. 
On the other hand, 
f {ReS<Ol IA2 IB-tl-2&Gt-2 I,,,,,,, IY12+=~, 
hence 
Iy121p-tl-2dp=m 
{ReSrO) 
3. AN ANSWER TO A PROBLEM RAISED BY B. RICCERI 
In [S] B. Ricceri has established the following existence theorem for 
variational inequalities. 
THEOREM 5 [S, Theo&me 41. Let X be a closed convex set in a real 
Hausdorff topological vector space E, and assume that the interior of X 
relative to its affine hull is non-empty. Let @ be a multivalued function from 
X to E*, the dual space of E, having non-empty, convex, and compact (with 
respect to the E-topology) values. Assume that the real function 
x + inf, E e(xJ (cp, y ) is lower semicontinuous for every y E X - X. Moreover, 
let a compact subset C of X and a point yoe C exist such that 
inf, E e(x) <e x-y,)>Ofor every xEX\C. 
Then there exist points f E C and 4 E @(a) such that (4, x - y) < 0 for 
every y E X. 
It is asked in the same paper [S, Probleme 71 whether in Theorem 5 the 
assumptions on X can be weakened to: X is a non-empty closed convex set 
in E. It is also conjectured there that the answer to such a question is 
negative. The following general example shows the correctness of that 
conjecture. 
EXAMPLE. Let H be a real infinite-dimensional Hilbert space and let 
E = H, endowed with the weak topology. Let X be the unit ball of H, so 
that the afline hull of X is the whole E, and int.(X) = 0. 
By Theorem 2, there exists an alline continuous function T: H + H such 
that 
(T(x), x> E int< T(x), X> VXEX. (12) 
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Let @ be defined by 
@i(x)= {W) VXEX, 
so that @ is a non-empty convex compact valued multifunction from X to 
E* = H, and x + infrpE9(Xj( cp, y) = (T(x), y) is a continuous function for 
every y E E. 
Let XEX, llXl[ = 1. Owing to (12) there exists y0 EX such that 
(T(X), X - yO) > 0. Since the real function u + (T(x), u-y,) is (strongly) 
continuous in H there exists E > 0 such that IIu-- Xl] <E implies 
(T(u),u-y,)>O. Let C={XEX:(X,X)<~-E~/~}. Then C is a 
(weakly) compact subset of X and X\Cc {x E X: 11.~ - Xjl < E}. It follows 
that ~,EC and inf,.,(,,(q, x-y,)=(T(x),x-y,)>O for every 
XEX\C. 
However, by (12), it is apparent that the thesis of Theorem 5 is not 
satisfied. 
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